Abstract. Jacobi's two-square theorem states that the number of representations of a positive integer k as a sum of two squares, counting order and sign, is 4 times the surplus of positive divisors of k congruent to 1 modulo 4 over those congruent to 3 modulo 4. In this paper we give numerous identities, each of which yields an analogue of Jacobi's result. Our identities are drawn from a much larger list in [13] , and involve polygonal numbers. The formula for the n-th k-gonal number is
Introduction
Let f and g be functions from the integers to the non-negative integers, and suppose that
Then the number of solutions of the diophantine equation f .m/ C g.n/ D k, k 0, is a k . Here, as is implied by the limits on the left of (1), m and n can be positive, negative, or zero, and two solutions .m 1 ; n 1 / and .m 2 ; n 2 / are taken to be distinct when m 1 ¤ m 2 and n 1 ¤ n 2 . In this paper we take jqj < 1 and choose f and g so that each sum on the left of (1) converges.
As an example let f D g D n 2 . Then 
Now let d i;j .k/ denote the number of positive divisors of k that are congruent to i mod j . Then (2) yields the following classical result of Jacobi [4, Chapter 9] :
The number of representations of a positive integer k as a sum of two squares, counting order and sign, is 4.d 1;4 .k/ d 3;4 .k//.
In [13] we give a large number of analogues of (2) that involve polygonal numbers. The formula for the n-th k gonal number is
Thus, the n-th triangular and square numbers are given by F 3 D n.n C 1/=2, and F 4 D n 2 , respectively. For information on polygonal numbers see, for example, [12] . In [13] the scope is limited to the polygonal numbers F k , 3 Ä k Ä 12.
Furthermore, although in (3) n is usually positive, except for F 3 , we maintain the analogy with Jacobi's result by allowing the domain of F k to be the set of all integers. Let G k .q/ denote the generating function of F k . Thus
denote the generating functions of the triangular numbers and the squares, respectively. In present day usage, these generating functions are usually denoted by .q/ D P nD1 nD0 q n.nC1/=2 and .q/ D P nD1 nD 1 q n 2 , respectively, which is the notation used by Ramanujan.
There have been many proofs of (2) . Three relatively recent papers are worthy of mention. In [2] and [3] the authors give a proof with the use of Ramanujan's 1 1 formula, while Hirschhorn [9] uses Jacobi's triple product identity.
For detailed information on the broader topic of sums of squares in relation to the older literature, see [7, pp. 231-257] , [8, Chapter 2] , and the forthcoming paper of Cooper [5] . Dr. Cooper's paper investigates the number of representations of a positive integer by the quadratic form where y 1 , y 2 , y 3 , and y 4 are odd, positive integers, for the cases . 1 ; 2 ; 3 ; 4 / D .1, 1, 1, 3), (1, 3, 3, 3) , (1, 2, 2, 3), (1, 3, 6, 6) , (1, 3, 4, 4) , (1, 1, 2, 6) , and .1; 3; 12; 12/. This paper also contains a comprehensive history of representations by similar forms that dates back to Eisenstein and Liouville.
Even without a formal proof, we can easily convince ourselves of the validity of (2) . With the aid of a computer algebra system we simply evaluate, say,
This verifies that G 4 .q/ 2 and the right side of (2) agree up to q 1000 . We performed similar checks on all the identities in this paper, as well as those in [13] . In fact, in each case, we checked that both sides, as expansions in powers of q, matched up to powers of q 4m , where m is the modulus in question. This was an arbitrary choice that seemed appropriate. For instance, in (9) we checked that both sides were equal up to powers of q 160 , and in (13) we checked that both sides were equal up to powers of q 352 . In addition, we checked for symmetry in each of our identities. We checked our formulas meticulously and repeatedly over a period of months, taking this task very seriously, since the presence of errors serves to erode credibility. The strongest statement that we can reasonably make in this regard is that we are as sure as we can be that the formulas are error free. There are also well-known identities, analogous to (2), for G 4 .q/G 4 .q 2 /, G 4 .q/G 4 .q 3 /, and G 4 .q/G 4 .q 7 /, that are attributed to Dirichlet and Lorenz, Lorenz, and Ramanujan, respectively. Here, and in [13] , we list only identities that, to the best of our knowledge, are new and are not consequences of the identities for G 4 .q/G 4 .q k /, k D 1; 2; 3, or 7. Without this restriction our lists would have been considerably longer. For instance, identities that we have discovered, but have not stated, are identities for
.q/, and G 12 .q/G 12 .q/, to indicate just a few. For further instances of such identities (i.e., those that are provable with the use of the four classical identities) see [10] and [11] .
Our aim, in the present paper, is to give an abridged version of [13] . Specifically, we present only those identities in [13] that we have called homogeneous, meaning that in each such identity the generating functions involve polygonal numbers of the same type. The only homogeneous identities that we have managed to discover (apart from those mentioned in the paragraph above) involve triangular numbers, pentagonal numbers, and heptagonal numbers.
Here, and in [13] , our aim has been to put our identities on display in the hope that interested readers may wish to supply proofs. We expect that to prove many of the identities in our lists will call for genuine skill and innovation. To see this, one need only examine the various proofs of (2) .
At the time of writing, we see scope for further work, and so we expect to enlarge these lists. Indeed, on many occasions during the process of discovery we felt that the work had reached a plateau. However, on each of these occasions we gained new insights that enabled us to continue. The process is, seemingly, never ending.
Dr. Michael Hirschhorn has taken an interest in this work from the very beginning. At the time of writing he has informed us that he has managed to prove (6) and (7) .
In Section 2 we give a worked example to demonstrate how the number-theoretic consequence of one of our identities can be obtained. In Section 3 we give some hints relating to our methods of discovery. In Sections 4, 5, and 6 we present our homogeneous identities for the triangular numbers, the pentagonal numbers, and the heptagonal numbers, respectively.
A Worked Example
In Sections 4-6 each of (6)- (26) yields a representation result that is analogous to Jacobi's classical result. As an example of the manipulations required in deriving these representation results, we consider identity (6) and denote the right side by H.q/. Then
Each power of q in this double sum is congruent to 3 modulo 4. Denote the coefficient of q k in H.q/ by C OEH.q/; q k . Then
Our conclusion can be stated thus:
The number of representations of a positive integer k as a triangular number plus five times a triangular number (in this order) is
The interested reader can now supply the number-theoretic consequence of any of the remaining identities.
Hints Regarding the Methods of Discovery
In this section we give the reader some hints regarding our methods of discovery. Our methods were developed and refined over the four years during which this research took place. Starting very modestly, we developed computer programs to execute the associated algebraic calculations.
To illustrate one of our methods of discovery, we outline how we discovered (6). It is well known (for instance, see [10] ) that
Here, the modulus in question is 4, and we require the positive divisors of 4n C 1.
If a similar result for G 3 .q/G 3 .q 5 / exists, a reasonable guess for the modulus in question is 20. Furthermore, we surmise that we require the positive divisors of 2 r n C s, in which r could be 1; 2; 3; : : :, and s could be 1; 3; 5; : : : Of course we settle on upper limits for r and s before our search begins. Then we write
Next, beginning with .r; s/ D .1; 1/, we equate enough coefficients of powers of q on both sides of (5) in order to find the c i . If the system of linear equations in question is inconsistent, we try .r; s/ D .1; 3/ and proceed similarly. Eventually, for .r; s/ D .2; 3/ we are able to find the required c i . Once the c i are known, it is not difficult to construct (6) as we have presented it.
In fact, we discovered the majority of our results by using the method just described. Furthermore, during the early days of the discovery process, after obtaining only a modest number of new results, we profited much by studying the symmetry of such results. This led to an alternative approach for relatively simple types. For instance, the discovery of (7) led us to surmise that an expansion for G 3 .q 2 /G 3 .q 3 /, if such an expansion exists, might look like
in which e a D g c D 12, and d b divides h f . We then checked each such possibility by expanding the right side in powers of q to see if this expansion matched the expansion of the left side. Relatively little trial is required here, but we do require advance knowledge of the form of one identity in a natural pair of identities. As another instance, in [13] , this was essentially how we discovered the expansion for G 3 .q 2 /G 5 .q/ after first finding the expansion for G 3 .q/G 5 .q 2 /.
Triangular Numbers
Since our next formula is rather lengthy, it is convenient to define two numerators N i D N i .q; n/ as follows:
Once again it is convenient to define certain numerators. Since there is no danger of confusion, here, and subsequently, we use the same notation used in (11) .
Let
Put
Set
Define
Pentagonal Numbers
Interestingly, the identities we have discovered that involve only pentagonal numbers parallel the cases above for triangular numbers, with two exceptions: we have not been able to find identities for G 5 .q/G 5 .q 6 / and G 5 .q 2 /G 5 .q 3 /. Let
Next, define
Next, set
Next, let
6 Heptagonal Numbers
We have not been able to find an identity for G 7 .q 2 /G 7 .q 3 /.
Final Comments
We would like to acknowledge our gratitude to Dr. Michael Hirschhorn, whose encouraging and highly informed comments have served to significantly streamline this work. Finally, we would like to express our gratitude to an anonymous referee, who has directed us to several sources that contain material that has relevance to our work. Accordingly, we comment briefly about the relevant material in these sources.
Let a, b, n, x, and y be positive integers. By t n .a; b/, Sun [14] denotes the number of representations of n as ax.x 1/=2 C by.y 1/=2. Sun then obtains formulas for t n .1; b/ for fifteen values of b. The referee, in complete detail, has demonstrated that the truth of our conjecture (6) is equivalent to Sun's Theorem 3.3. In a similar manner, the truth of our conjecture (11) is equivalent to Sun's Theorem 3.5, and the truth of our conjecture (14) is equivalent to Sun's Theorem 3.7.
For any integer n, and any integers k m > 0, let r .k;m/ .n/ denote the number of solutions, in integers, of n D kx 
Similarly, let t .k;m/ .n/ denote the number of solutions, in non-negative integers, of
Then Theorem 1 of Adiga, Cooper and Han [1] produces (among many such relations) the following: 
In (29) for x a nonnegative integer. From here, using the same path set forth by the referee (see the comments above, on the work of Sun), we used the second entry in in (29) to prove our conjecture (6) . Again, in Dickson [6] , pp. 84-86, there are results for r .3;2/ .n/, r .6;1/ .n/, and r .5;2/ .n/. These results, when coupled with the appropriate entries in (29), yield proofs of our conjectures (7), (8) , and (10). Interestingly, Dickson [6] gives r .k;m/ .n/ for several other instances of .k; m/. For each of these instances, however, Theorem 1 of Adiga, Cooper, and Han [1] is not broad enough in scope to enable any of our remaining conjectures to be proved.
